Introduction
Recent years have seen a revival of experimental studies of tunnel junctions coupled to an electromagnetic environment [1] [2] [3] . In these experiments the electromagnetic environment is designed to display a pronounced resonance mode and the devices are partly driven by voltages at microwave frequencies. Along with these new experimental studies, the theory of the dynamical Coulomb blockade (DCB) developed in the 1990ties [4] [5] [6] [7] [8] to describe the influence of the electromagnetic environment on tunneling was reconsidered and extended to ac driven devices [9] [10] [11] [12] [13] [14] .
In this paper we combine circuit theory with results of the DBC theory for the average current to examine the spectrum of current fluctuations in the leads of the circuit. As pointed out by Landauer and Martin [15] , the tunneling current studied in most of the theoretical papers is not directly observable. Measurable quantities are typically related to the current flowing in the leads of the junction. In Sect. 2 we present the model and use circuit theory to express the fluctuations of the current drawn from the voltage source in terms of the fluctuations of the tunneling current and the Johnson-Nyquist voltage fluctuations produced by the environmental impedance.
In Sect. 3 the spectral function of current fluctuations is introduced and evaluated. We find that the spectrum consists of three parts associated with the JohnsonNyquist noise of the environmental impedance, the shot noise of the tunneling element and a third contribution related to the cross-correlation between these two noise sources. While the circuit theoretical considerations are rather generally valid for tunneling elements, explicit expressions for all three noise contributions are obtained by making use of results of the DCB theory for a tunnel junction in the weak tunneling limit. In Sect. 4 the theory is illustrated by applying it to a tunnel junction driven through a resonator. Finally, Sect.5 contains our conclusions.
Current fluctuations and circuit theory
We consider the circuit depicted in Fig. 1a showing a tunneling element with tunneling conductance G T in series with an impedance Z providing an electromagnetic environment of the junction. An external voltage U is applied to the device. The current drawn from the voltage source is denoted by I and the tunneling current across the junction by I T . The junction capacitance C is charged [discharged] by the current I [I T ] so that the time rate of change of the junction charge Q obeyṡ
Hence, at constant applied voltage U the average currents coincide, i.e., 〈I 〉 = 〈I T 〉, and they are given by the result of the DCB theory [4] [5] [6] [7] . This average current will be denoted by I (U ) in the sequel. Here, we study the fluctuations δI = I − 〈I 〉 of the current I and of other circuit variables in Fourier space. Eq. (1) then reads
The voltage V across the environmental impedance may be written as
where δv N is the noise voltage generated by the electromagnetic environment. This Johnson-Nyquist noise has the properties [16] [17] [18] 
and
where β = 1/k B T is the inverse temperature and Z the real part of Z .
Since the charge Q is related to the voltage V J across the junction by V J = Q/C , we have
On the other hand, the voltage fluctuations obey
which implies
From Eqs. (3) and (4) we obtain for the voltage fluctuations across the environmental impedance
which may be inserted into Eq. (8) to yield
When this is combined with Eq. (2), we can eliminate the charge fluctuations δQ and obtain
Introducing the total impedance of the electromagnetic environment [7] Z t (ω) = 1
where Y (ω) = 1/Z (ω) is the admittance, Eq. (11) may be transformed to read
which expresses the current fluctuations observed in the leads of the junction in terms of the noise voltage δv N of the electromagnetic environment and the fluctuations δI T of the tunneling current.
Current noise
The spectral function of current fluctuations is defined by
Inserting the representation (13) of δI (ω), we obtain
where we have made use of the symmetries Y (−ω) = Y (ω) * and Z t (−ω) = Z t (ω) * . Hence, the spectral function is a sum of three contributions [8, 14] 
where
We now discuss these contributions separately.
Johnson-Nyquist noise
The contribution (17) to the spectral function is a consequence of the environmental Johnson-Nyquist noise (5). Combining Eqs. (5) and (17) we obtain
where we have made use of the relation
The result (20) coincides with findings [14] based on a Hamiltonian model. Note that the contribution S N (ω) to the current noise in the outer circuit differs from the stan-
of an admittance Y (ω) [16] [17] [18] by the absolute value squared of a transmission factor
This factor results from the fact that the noise generated at the environmental impedance has to be transmitted to the outer circuit via the junction capacitance C .
Shot noise
The second part S T (ω) of the noise spectrum in the outer circuit is related to the shot noise of the tunneling current
The contribution (18) to the spectral function may be written as
Again, the observable noise in the leads differs from the shot noise at the tunnel junction by the absolute value squared of a transmission factor
arising from the fact that the noise has to be transmitted to the outer circuit via the environmental impedance Z (ω). The result (24) can be combined with the expression for the shot noise of the tunneling current of a junction in the DCB regime [2] S T T (ω) = e I (U + ħω/e)
1 − e −β(eU +ħω) +
where I (U ) = 〈I 〉 = 〈I T 〉 is the average current in the presence of an applied voltage U . Combining Eqs. (24) and (26), we obtain for the component S T (ω) of the spectral function likewise an expression which is in accordance with calculations based on the Hamiltonian model of the DCB theory [14] .
Cross-correlation noise
The third component (19) of the spectral function involves the correlation 〈δI T (ω)δv N (−ω)〉 between voltage fluctuations δv N generated by the electromagnetic environment and fluctuations δI T of the tunneling current. To analyze this contribution we first note that in view of Eq. (7) the fluctuations δV J of the voltage across the tunnel junction may be expressed in the form
where we have employed Eqs. (3) and (13) and made use of 1 + i ωC Z t (ω) = Y (ω)Z t (ω) to get the last expression. We further note that the response of the average tunneling current in the presence of an applied dc voltage U to a small alternating voltage δV J (ω) of frequency ω can be written as
where Y J (U , ω) is the admittance of the junction. This quantity can be determined from the expression for the average tunneling current in the presence of dc and ac voltages [3, 11] . As shown in the Appendix, one has
where I K K (U ) is the Kramers-Kronig transform of the current voltage characteristic I (U ).
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We now want to determine the fluctuation δI T (ω) of the tunneling current caused by a Johnson-Nyquist voltage fluctuation δv N (ω). According to the chain rule we may write
where the first factor on the rhs is the admittance Y J (U , ω) of the junction while Eq. (27) gives for the second factor
Hence, we have
Combining Eqs. (5), (29) and (32), we obtain for the crosscorrelation noise (19) 
+c.c.
It is now convenient to introduce the polar decomposition [11, 14] 
of the transmission factor (25) into modulus Ξ(ω) and phase η(ω). The imaginary part of the transmission factor then reads
In terms of Ξ(ω) and η(ω), the result (33) takes the form
which gives
This expression for the cross-correlation noise is again in accordance with the result [14] of a calculation based on the Hamiltonian model of the DCB theory.
Tunnel junction driven through a resonator
We now examine a tunnel junction driven through an LC -resonator. This problem has been studied recently [2, 3, 11, 13, 14] both experimentally and theoretically.
Model parameters
The circuit diagram depicted in Fig. 1b shows an environmental impedance of the form
with an Ohmic lead resistance R and an inductance L. The resonance frequency of the LC -resonator is ω 0 = 1/ LC and it has the characteristic impedance Z c = L/C implying a quality factor Q f = Z c /R. We shall also use the loss factor γ = 1/Q f .
For this circuit the transmission factors (22) and (25) read
which implies a modulus
and a phase
where the values of arctan are to be chosen in the interval [0, π). We then have
Spectral function
From Eq. (38) we obtain for the real part of the environmental admittance
The expressions (39) and (45) may now be inserted into Eq. (20) to yield for the Johnson-Nyquist part of the spectral function (48)
Results for specific parameters
To illustrate these results, we now consider an LC -cicuit with quality factor Q f = 5. A general method to calculate the current voltage characteristic I (U ) for a tunnel junction in an electrodynamic environment has been presented previously [19] . The approach is based on an integral equation for the probability density function P (E ) giving the probability that a tunneling electron transfers the energy E to the modes of the electrodynamic environment. P (E ) is the fundamental quantity in the theory of the DCB and it determines the I (U )-curve of the tunnel junction [4] [5] [6] [7] . We choose a temperature T with k B T = 0.05E c where E c = e 2 /2C is the charging energy. DCB effects are only observable at temperatures where k B T is well below the charging energy. Furthermore, we assume a resonance frequency ω 0 of the LC -resonator with ħω 0 = E c . For these Copyright line will be provided by the publisher parameters the method of Ref. [19] yields the probability density function P (E ) shown in Fig. 2a . Apart from a peak near zero energy corresponding to almost elastic electron tunneling, P (E ) displays peaks at multiples of the resonance frequency which correspond to the transfer of one or more quanta of ħω 0 to the environment. These peaks are broadened due to the finite quality factor [19] . The current voltage characteristic I (U ) is obtained from P (E ) by means of a simple integration [4] [5] [6] [7] . Fig. 2b depicts I (U ) and its Kramers-Kronig transform I K K (U ). The asymptotic behavior of I (U ) for large voltages is also indicated. These currents are proportional to the tunneling conductance G T of the junction and we have introduced the dimensionless tunneling conductance
to scale out the dependence on G T from the data shown in Fig. 2b . With the current voltage characteristic at hand, we can use Eqs. (46), (47) and (48) to determine the spectral function of current fluctuations. The Johnson-Nyquist part S N (ω) of the current noise spectrum is independent of the applied voltage and proportional to the lead conductance 1/R. To scale out the dependence on R, we introduce the dimensionless conductance
The spectral function S N (ω) in units of g e 2 ω 0 is displayed in Fig. 3a . Also shown is the Johnson-Nyquist noise of the environmental impedance (38) to illustrate the effect of the transmission factor (22). The shot noise contribution S T (ω) and the cross-correlation noise S N T (ω) are shown in Fig. 3b in units of g T e 2 ω 0 for an applied voltage U = E c /2e. The noise is strongly enhanced near the resonance frequency of the LC -circuit. Since the Johnson-Nyquist noise dominates in the weak tunneling limit, it is advantageous to study the excess noise specifying the difference between the nonequilibrium current noise and its equilibrium level
Here we have made the voltage dependence of the current noise spectrum explicit. The Johnson-Nyquist part of the noise S N (ω,U ) does not contribute to the excess noise since it is independent of U . In Fig. 4 we show results for the excess noise for two values of the applied voltage U . The excess noise is mostly concentrated near the resonance frequency and it grows strongly with increasing applied voltage. Furthermore, when the applied voltage U exceeds ħω 0 /e as in Fig. 4b , the shot noise part of the noise leads to a peak of the excess noise also for frequencies around −ω 0 . In this case the voltage source supplies energy quanta of the order of ħω 0 to excite the LC -resonator.
Conclusions
We have presented a simple derivation of the current noise spectrum of a voltage biased tunnel junction based on phenomenological considerations and circuit theory. We have given concrete results for a tunnel junction driven through an LC resonator. The two parts of the excess noise arising from S T (ω) and S N T (ω), respectively, are found to be equally important and they are strongly enhanced near the resonance frequency of the LC -resonator.
In previous work [14] we have studied the spectral function S(ω,U ,V, Ω) of current fluctuations of a tunnel junction driven by an applied voltage
consisting of a dc voltage U and a sinusoidal voltage of amplitude V and frequency Ω. The spectral function S(ω,U ,V, Ω) was shown to be determined by the spectral function S(ω,U ) of the device measured under dc bias U via a photo-assisted tunneling relation of the Tien-Gordon type
Here J k is the Bessel function of the first kind and
The factor Ξ(Ω) arises as the modulus (34) of the transmission factor (25) at the driving frequency Ω. Since the relation (53) determines the spectral function S(ω,U ,V, Ω) of an ac driven tunnel junction as weighted and translated copies of the spectral function S(ω,U ) discussed in the previous sections, the results given there can easily be extended to ac driven systems. Yet, the relation (53) itself has so far only been established by means of a full-fletched calculation [14] based on the microscopic Hamiltonian model of the DCB theory.
Appendix: Admittance of the tunnel junction
In the presence of an external dc voltage the average tunneling current is given by
When the voltage across the junction is altered by an additional ac voltage V J cos(ωt ) of frequency ω, the average tunneling current can be expressed in terms of the current I (U ) in a dc biased system by a photo-assisted tunneling relation [3] 〈I T (t )〉 = 1 2 
To determine the response of the tunneling current to a small ac voltage, we expand the Bessel functions up to Copyright line will be provided by the publisher terms of linear order in a. One has [20] J 0 (a) = 1 + O (a 2 ) (58)
J n (a) = O (a 2 ) for n = 0, ±1 .
Accordingly, we obtain from Eq. 
with the junction admittance (29).
